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It is well known that when a magnetic field is present and electric 
currents flow through a gas, terms over and above those present in 
the case of ordinary thermal conductivity appear in the heat flux 
density vector. If the gas is dense enough and the magnetic field not 
over large, then the anisotropy caused by the magnetic field may be 
neglected. However, for a sufficiently large electric current a term 
proportional to the temperature and to the current density vector re- 
mains in the heat flux density vector. This effect explains, for ex- 
ample, the asymmetry of heat fluxes in the electrodes of a con- 
tinuously operated electromagnetic accelerator (1). 

We shall consider this situation in relation to the example of a fully 
ionized quasineutral gas with identical electron and ion temperatures. 

Le t  the  d e n s i t y  of  the  e l e c t r i c  c u r r e n t  d e n s i t y  j ,  

f l o w i n g  t h r o u g h  t h e  gas ,  be  o f  t h e  o r d e r  10 a m p / c m  2 
and the  e x t e r n a l  m a g n e t i c  f i e l d  be  e q u a l  to  z e r o .  We 

f ind f r o m  M a x w e l P s  e q u a t i o n s  tha t  the  m a g n e t i c  f i e ld  
s t r e n g t h  H is  of  the  o r d e r  41rc ' l j / ,  w h e r e  Z i s  t he  
c h a r a c t e r i s t i c  d i m e n s i o n  of  f i e l d  v a r i a t i o n ,  c i s  the  

v e l o c i t y  of  l i gh t  in a v a c u u m .  T a k i n g  t ~ 10 c m ,  we 

f ind 

0.77 t (P4T~ '/2 3.5-t04T~/2 eH 

H e r e  X in the  C o u l o m b  l o g a r i t h m ,  T~ is  t h e  t e m -  
p e r a t u r e  in eV,  e and m e a r e  the  e l e c t r o n i c  c h a r g e  

and m a s s ,  r e s p e c t i v e l y ,  n e is the  e l e c t r o n  d e n s i t y ,  
r e i s  the  s c a t t e r i n g  t i m e  f o r  e l e c t r o n s  on ions .  S ince  

(0.17~) ~ 1, f o r  T O ~ 1 and m ~ t0~  the  p a r a m e t e r  
C0e7 e << 1. T h i s  e n a b l e s  us to w r i t e  the  h e a t  f lux d e n -  

s i t y  v e c t o r  in the  f o r m  [2] 

q = _ 3.2te-IKTj 3.16K~Txen~m~'avT. 

H e r e  t is  the  t e m p e r a t u r e  in d e g r e e s ,  and K is  

B o l t z m a n n t s  c o n s t a n t .  F o r  j ~ 10 a m p / e r a  2 t he  r a t i o  
2a o f  t he  f i r s t  t e r m  to  t h e  s e c o n d  i s  o f  t h e  o r d e r  

2 a ~ 1 . 2  ( ~ / i 0 ) ( t 0 4 /  v T t ) T ~  %. 

In th is  e s t i m a t e  VT  has  d i m e n s i o n s  d e g r e e / c m ,  
F o r  TO ~ 1 and IVTI  ~ 104 the  p a r a m e t e r  2a  i s  of  
o r d e r  uni ty .  At  l a r g e r  f lux  d e n s i t i e s  the  m a g n i t u d e  

of  th i s  p a r a m e t e r  i n c r e a s e s .  

g / 
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In o r d e r  to s t udy  the  e f f e c t s  c a u s e d  by the  p r e -  
s e n c e  of  the  t e r m  p r o p o r t i o n a l  to j, in the h e a t  f lux 
d e n s i t y  v e c t o r ,  we c o n s i d e r  the  p r o b l e m  of h e a t i n g  
of  the m e d i u m  as  a r e s u l t  of  a c u r r e n t  f low in wh ich  

the  v e c t o r  q has  the  f o r m  

q = ~ k v T  - - b i T  (b = const) . (1) 

w h e r e  k i s  t he  t h e r m a l  c o n d u c t i v i t y .  We d i s c u s s  the  
p o s s i b i l i t y  o f  u s i n g  the  s o l u t i o n  o b t a i n e d  to e s t i m a t e  
the  s i z e  o f  t h e  f r i c t i o n a l  f o r c e  and  the  i n t e n s i t y  of 
h e a t  t r a n s f e r  f o r  a m e d i u m  f l owing  in an  e l e c t r o m a g -  
ne t i c  p l a s m a  a c c e l e r a t o r .  

We s h a l l  c o n s i d e r  a f l a t  c h a n n e l  0 < Y < 2h wi th  
w a l l - e l e c t r o d e s ,  f i l l e d  wi th  a m o t i o n l e s s  c o n d u c t i n g  
m e d i u m  h a v i n g  a t e m p e r a t u r e  T j  = c o n s t a t  t he  m o -  

m e n t  t = 0. Le t  the  m e d i u m  be  h e a t e d  as  a r e s u l t  
of  t he  f low of  e l e c t r i c  c u r r e n t  in the  d i r e c t i o n  Y 
wi th  c o n s t a n t  c u r r e n t  d e n s i t y ,  We s h a l l  d e s i g n a t e  
by  w = w (t) the  J o u l e  d i s s i p a t i o n  p e r  uni t  v o l u m e  
in un i t  t i m e .  We s h a l l  c o n s i d e r  t ha t  t he  c h a n n e l  
wa l l s  a r e  m a i n t a i n e d  at  a c o n s t a n t  t e m p e r a t u r e  T w 
in  the  p r o c e s s  of  h e a t i n g .  F o r  c o n s t a n t  k, d e n s i t y  
of  m e d i u m  p and h e a t  c a p a c i t y  Cp, t h e  h e a t  c o n d u c -  
t ion e q u a t i o n  in d i m e n s i o n l e s s  q u a n t i t i e s  a s s u m e s  

the  f o r m  

O~.Or = 0~-4-2a00~ + v ' O y 2  - -  ~(0,  y) = ~i f o r  0 ~ y ~ 2  

( ~ , 0 ) = 0 .  (~(v, 2 ) = 0  (2) 

"~-- Tw , Y ~ h y ,  t ~ ,  2a= -T-" ' V--kTw} 

in the  c a s e  when  the  v e c t o r  q i s  e x p r e s s e d  by  Eq .  

(1). 
T h e  h e a t  f l uxes  G§ and G_ c o n d u c t e d  t h r o u g h  un i t  

s u r f a c e  o f  the  l o w e r  and u p p e r  e l e c t r o d e s  in t i m e  t 

a r e  e q u a l  to 

G = ~ i qu (t, O) d t =  PcvhT,~.g ., 
o 

l 

G_ = ! q~ (t, 2h) dt == p%hT~rg_, (3) 

e . ,  g =  , . 
g+ = d \ oy /zt~o 

0 0 

H e r e  qy  is  t he  c o m p o n e n t  of the  v e c t o r  q on the  

Y a x i s .  
I n t e g r a t i n g  e q u a t i o n  (2) wi th  r e s p e c t  to y f r o m  

y = 0 to  y = 2 and wi th  r e s p e c t  to t i m e ,  we ob ta in  
the  i n t e g r a t e d  h e a t  b a l a n c e  e q u a t i o n  

2 

2~, + 2 (vd'~ = ~" + g- + f ~d!/. (4) 
I 0 
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If v ~ c o n s t  f o r  r ~ ~,  then  for  ~- ~ ~ a  s t a -  
t i o n a r y  c o n f i g u r a t i o n  is e s t a b l i s h e d ,  in  which  the 
t e m p e r a t u r e  d i s t r i b u t i o n  has  the  f o r m  

O(y ) - -  6' (0% y) t ~-t--exp(--2ay) y ] 

L ( a ) =  + I O ( o c ,  y) dy - -  2a-- th2a  
2a *th 2a " 

o 

(5) 
~12 r 

Fig .  3 

C u r v e s  of the  f u n c t i o n s  O(y) and L(a) a r e  g iven  

in  F i g s .  1 and  2. Th e  s o l u t i o n  of (5) shows  tha t  with 
the  i n c r e a s e  of p a r a m e t e r  a the  t e m p e r a t u r e  l eve l  
in the  s t a t i o n a r y  s t a t e  and  the  a m o u n t  of hea t  which  
the  m e d i u m  a c q u i r e s  in  the p r o c e s s  of p a s s i n g  to 
the  s t a t i o n a r y  s t a t e  d e c r e a s e .  The  t e m p e r a t u r e  
p r o f i l e s  a r e  a s y m m e t r i c  with r e s p e c t  to the  c h a n -  
ne l  ax i s  y = 1; the  t e m p e r a t u r e  m a x i m a  a r e  d i s -  
p l aced  t o w a r d s  the  anode  s ide .  

We s h a l l  s e e k  a s o l u t i o n  of equa t i on  (2) wi th  the 
he lp  of the  Lap lace  t r a n s f o r m  

c o  

t~~ Y) = I exp ( - -  p~:)q('~, y)d'~. 
0 

When  t r a n s f o r m e d ,  e q u a t i o n  (2) and i ts  so lu t i on  
have  the  f o r m  

T h e n  r e p l a c i n g  (sh 2~) -~ in  e x p r e s s i o n  (6) by  the 
s e r i e s  i n d i c a t e d  above ,  we m a y  ob t a in  the  fo l lowing  
e x p r e s s i o n  for  the func t ion  d 0",Y) : 

(~, y) = t% + I vd* + t%F [r] + vr [1~1, 
0 

FIA] = 

k=O 

--t-ea(2-v)[~=A['~;a=,(4k+2+y)=]-- 

- -  ~=o ~ A[~:; aL (4k + 2--y)=l}. (7) 

#o,, + 2aOO, _ pffO = _ Mp, @~ (0) = 0, ~~ (2) = 0,  

0" = M (sh 2• -1 {sh 2• - -  e ~(=-~) sh• - -  e -~v sh [• (2 - -  y)]}, 

31 = 11I (p) = p-l (@~ + vcVO), • == ] / p  + a ~, 

g ~  ~oxp(- -pr)  V("c)dT, (v=vcV,  v r  coast). (6) 
0 

F o r  the  f lmc t ion  n ( p )  in  the  p p l a n e  wi th  a cu t  
a l o n g  the n e g a t i v e  axis  f r o m  p = --a ~ to an i n f i n i -  
t e l y  d i s t a n t  poin t ,  a b r a n c h  was c h o s e n  which is 
p o s i t i v e  for  r e a l  p > - a  2. S ince  I exp  ( - 4 x ) I <  1 for  
Re p > 0, t he  f u n c t i o n  (sh 2~)-1 m a y  be  expanded  
in  the  s e r i e s  

(sh 2• -1 = 2 exp ( - -  2• ~ exp ( - -  4k• 
t r  

(Rep>O) .  

[ T - - "  1 I 

0 I Z a 

Fig .  2 

By m e a n s  of r(t;fl ,(~) and p (t;fl, c 0 we d e s i g n a t e  
the  i n v e r s e s  of the  t r a n s f o r m s  

~~ : p-I cxl) [ - - ~ / ~  (p + I~)], 

We f ind  [3] 

r (~; ~, a) = 0.5 [~ (~; ~, a) + 8 (~; p, a)] ,  

= exp ( -  V ~ )  Err (05  V~-~/T-- V ~ ) ,  

= exp V ~  E ~  (0.5 V~-7~+  V ~ i  

i (-~,)~),  (s) 

If v =const, then 

(T; ~, ~) = 0.5T (~ + 8) - -  (~ - -  8). (9) 

In what  fo l lows a l l  the  e q u a t i o n s  wi l l  be  g iven  
for  the c a s e  v = coas t .  

F o r  a = 0 we have  

F(A) = ~ ( - - I )~A[T;  0, ( 2 k - - y )  ~ ] - -  

- ~ ( - - i )~  A [v; 0, (2k + Y)~I, 

(v; 0, a) -- (~ + 0.5a) Err (0.5 Va--~-) - -  

.... rt-'/' ]/'~-~ exp ( - -  a / 4r), 

r (*; 0, :~) = Err (0.5 ] / ~ / / , ) .  (10) 

F ~ : p-q, '~ [ - -  ] / a ( P  -!- ~)] (=, 3 = coast). The  h e a t  f luxes  g~ and  g-, d e t e r m i n e d  f r o m  (3), 
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(7 ) - (9 ) ,  and  the s u m m e d  hea t  f lux Q = g+ + g_ a r e  
equa l  to 

t h e o r e m  [4], we ob t a in  the  fo l lowing  e x p r e s s i o n  for 
the  quan t i t y  g: 

g+ = 2a'~ -4- N ('~), g_ = N (x) - -  2a,; - -  ~ i A  - -  v B  , 

N (, 0 = a'~t% -4- 0 .5av 'O -+ ~'i [r 2 E -  2Fexp 2 a ] +  

+ V[Vo+ 2 S - - 2 U e x p 2 a l ,  E = ~ $~, 
k=l,g,a . . . .  

k = 1 , 3 , 5 , . . .  k ;=2, 4,6,  . . .  ~ = I , S , ~ , . . .  

~=~ 
= 

-. 0.Sk (~ + 6) + t -!- 2~'~ a~ (~--~)' 

, ' ~=  & ( v - t - 2 ~ i , ) e x p (  ~ ' - - a ' , ) - -  

o5~: (~ + ~,)(~ + ~) + 

I (2a'-'~=-t- 2~-4- 2 k ' - -  2 ~ ) ( : - - 5 ) ,  +gg  

= .~ (v;a~,4k~), (5= ,~(v;a ~, 4k~), 

A = 2 a v ~ 4 F s h 2 a ,  B ---- a ~ - - 4 U s h 2 a ,  (11) 

Q = 2 t % Q * + 2 v Q * * ,  Q*= ~Po-t--2E ~ 2F ch 2a, 

Q** = Vo -I-, ">S. - - 2 U  cl~ 2a. (12) 

/ 

# I 

Fig .  4 

/ 

~/ ~=~ 

F o r  a = 0 we have  

g+ = g_ --  g, 

oo oo 

k - - I  k=I 

~p~ = ~p~~ =- 2 g v / x e x p  ( - - k ~ / ~ )  - -  2k  Err ( k / ] / 7 ) ,  

= 41/+-  

If we s e e k  the  i n v e r s e  t r a n s f o r m s  in  the  c a s e  
w h e r e  a = 0 wi th  the  he lp  of the  s e c o n d  e x p a n s i o n  

~=0 (2p + t)' 

' ~  e x p  [ - - ' / ,~t*t ' (2O "4- l)al ~_32~ 
- -  (2? A- t)~ 

(14) 

I t  i s  c o n v e n i e n t  to use  e x p r e s s i o n  (13) for  s m a l l  
T, and  e x p r e s s i o n  (14) for  l a rge  T. F o r  s m a l l  a the 
func t ions  r and ~k m a y  be r e p r e s e n t e d  in  the f o l -  
lowing fo rm .  

(-+) + 
Ck = ~k ~ + a* [ 3 V ~  

k 4kS " 
- -  2kErf (~-~:-) (~" - [ - - T ) ]  -t- O (a ') ,  

ve  = v~ ~ - b  a * { ~  2k E r r  (k / 1 / ~ )  ( * / ~  -4- 4/:~k*~ -4- */sk*) 4- 

+ exp ( - - k  ~ ] .,:) ('/~k 4 -t- a4/,~k*'r -1- 4/~s'd)} ~- O (a*). (15) 

F o r  s m a l l  T, we have ,  n e g l e c t i n g  t e r m s  of the 
o r d e r  of exp ( - 1 / ~ ) ,  

+ <o r 
(err x = 1 -- Erf x). (16) 

F o r  s m a l l  T and a w e  f ind ,  u s i n g  (15) and  (16), 

0 - -  + ' + 5 - )  

The  e f f e c t i v e n e s s  of hea t  t r a n s f e r  to the  wa l l s  i s  
c h a r a c t e r i z e d  by  the quan t i t y  

Q (18) 
T I ~  2 v ~ + 2 ~  i ' 

which  r e p r e s e n t s  the r a t i o  of t h e r m a l  energ?r t r a n s -  
f e r r e d  th rough  the wal l s  in t i m e  T to the s u m  of the 
e n e r g y  a r r i v i n g  d u r i n g  th is  t i m e  and the  t h e r m a l  
e n e r g y  which  the  m e d i u m  p o s s e s s e d  when T = 0. 
The  func t ion  7}(T) d e p e n d s  on two p a r a m e t e r s :  a and  
s = ~ i /v .  F o r  T ~ ~ we have  (dQ/dT) ~ 2v ~md 71 

1. H o w e v e r ,  c a l c u l a t i o n s  show that  ( dQ/d r )  ~ 2v 
for  z > Z, ,  whe re  T, ~ 1. The  q u a n t i t y  r ,  is the 
t i m e  in  which the  s t a t i o n a r y  s t a t e  is e s t a b l i s h e d .  
D u r i n g  th i s  t i m e  the  m e d i u m  lo se s  an a m o u n t  of 
h e a t  2 ~ i,  and  ga ins  an a m o u n t  vL(a) ,  equa l  to the 
d i f f e r e n c e  b e t w e e n  the  h e a t  which  has  a r r i v e d  2v~', 
and the h e a t  c o n d u c t e d  t h r o u g h  the  wa l l s  2vQ**(z , ) .  
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Results calculated from Eqs. (12)-(18) are shown in Figs. 3-5. 
The behavior of the quantity ~ is shown in Fig. 3 for small values of 
v. For the three lower curves s = 0, while for the three upper s = 2. 
The effectiveness of heat transfer increases as the parameters a and s 
increase. The behavior of Q*(r) is represented in Fig. 4 by a series 
of curves having an asymptote at ~0") = 1. The three curves, which 
become parallel to the bisectrix ~(r) = r when r--, ~,. are ~raphs of 
the function Q**(r). For each curve of the first series we can indicate 
a point r = ~',(e) starting from which the difference between the 
ordinates of points on the curve and unity becomes less than ~ = o (1); 
for each curve of the second series we can indicate a point T = "r.(e) 
starting from which the difference between the angle of inclination of 
the curve to the r axis and the angle 45* becomes less than e. In 
accordance with Fig. 4 the time T, for transition to the stationary 
configuration decreases as a increases. 

Figure 5 represents the behavior of r~(r) for 8, i = 0, and various 
values of a. An increase in this parameter leads to an increase in 
the effectiveness of heat transfer. 

It  i s  u s e f u l  to n o t e  tha t  one  m a y  r e g a r d  the  t h e r -  
m a l  e n e r g y  2 0  i p o s s e s s e d  by  t h e  gas  when  r = 0 
as  e n e r g y  r e c e i v e d  f r o m  t h e r m a l  s o u r c e s  h a v i n g  

an i n t e n s i t y  v ( ~ ) =  ~i  5 (r) ,  w h e r e  6(~-) i s  a d e l t a -  

func t ion .  Thus  the  s o l u t i o n  of  (7 ) - (9 )  w i l l  a l s o  b e  a 
s o l u t i o n  to the  p r o b l e m  of the  h e a t i n g  of  t he  m e d i u m  
f r o m  a t e m p e r a t u r e  T i = T w  as  a r e s u l t  of  t he  d i s -  
s i p a t i o n  of  e n e r g y  wi th  d e n s i t y  

kT w 
w : --ffi- [/2 -j- t~i~ (~r)] (v = const). 

In c o n c l u s i o n ,  we c o n s i d e r  the  p o s s i b i l i t y  of  u s i n g  
the  s o l u t i o n s  wh ich  h a v e  a l r e a d y  b e e n  o b t a i n e d  to 
m a k e  a r o u g h  e s t i m a t e  of  t he  m a g n i t u d e  of  the  f r i c  - 
t i o n a l  f o r c e s  and h e a t  t r a n s f e r  in  e l e c t r o m a g n e t i c  
a c c e l e r a t o r s  h a v i n g  a c o n s t a n t  c r o s s  s e c t i o n  a l o n g  
t h e i r  l ength .  When  a c o n d u c t i n g  gas  i s  a c c e l e r a t e d  
by  a s t r o n g  e l e c t r o m a g n e t i c  f i e ld ,  we  m a y  n e g l e c t  
the p r e s s u r e  g r a d i e n t  in the  m o m e n t u m  e q u a t i o n  [5], 
and then ,  t a k i n g  in to  a c c o u n t  t he  v i s c o u s  f r i c t i o n  of  
the  gas ,  the  m o m e m t u m  e q u a t i o n  m a y  be  w r i t t e n  
a p p r o x i m a t e l y  in the  f o r m  

of m a g n i t u d e  to the w o r k  done  by the e l e c t r o m a g n e t i c  
f o r c e  in uni t  t i m e  (uj~), we m a y  n e g l e c t  the  p r o d u c t  
of  the  v e l o c i t y  and the  p r e s s u r e  g r a d i e n t  (u0p/Ox)  in 
the  e n e r g y  equa t ion .  We then  h a v e  a p p r o x i m a t e l y  

c3T 0% 
rncp ~ = ~-y + w, T (z, O) --  T~,  

T (x, 2h) = T~,, I' (0, y) = T , .  

0.5 

2 r 

F ig .  5 

If the  h e a t  f lux is  of  the  f o r m  (1), t hen  we m a y  u s e  
the  s o l u t i o n  a l r e a d y  o b t a i n e d  f o r  m a k i n g  e s t i m a t e s .  
The  r a t i o  of the  a m o u n t  of  h e a t  c o n d u c t e d  p e r  s e -  
cond  t h r o u g h  a l eng th  x and un i t  wid th  of  the  c h a n n e l  
w a l l  to the  J o u l e  e n e r g y  d i s s i p a t e d  in  a v o l u m e  x • 

• 2h • 1 i s  e q u a l  to r7 (~) w h e r e  ~" = Tq = # x / P h 2 m  (P 
is  P r a n d t l ' s  number} .  In the c a s e  of  a fu l ly  i o n i z e d  
gas  P r a n d t l ' s  n u m b e r  i s  s m a l l  ~'v << 7q, and the  e f -  
f e c t s  a s s o c i a t e d  wi th  h e a t  t r a n s f e r  a r e  m u c h  s t r o n g e r  
than  the  e f f e c t s  a s s o c i a t e d  wi th  t he  i n f l u e n c e  of  v i s -  
c o s i t y .  If  the  h e a t  f lux v e c t o r  has  a t e r m  p r o p o r -  
t i o n a l  to the  e l e c t r i c  c u r r e n t  d e n s i t y  v e c t o r ,  t hen  
h e a t  t r a n s f e r  p r o c e e d s  wi th  g r e a t e r  i n t e n s i t y ,  as  
shown  above .  
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~U ~2U 
m ~ ;  = ~ ~ + / ,  u (0)  = 0 ,  u (210 = 0 

(m = G / 2h = const). 

H e r e  # i s  the  d y n a m i c a l  v i s c o s i t y  c o e f f i c i e n t ,  x is  
the  c o o r d i n a t e  m e a s u r e d  a l o n g  the  a x i s  of  the  c h a n -  

ne l ,  G is  the  m a s s  r a t e  of  gas  f low p e r  s e c o n d ,  and 
f i s  t h e  d e n s i t y  of  the  a c c e l e r ~ i n g  e l e c t r o m a g n e t i c  
f o r c e .  If we n e g l e c t  the  i n i t i a l  gas  m o m e n t u m  (u = 0 

f o r  x = 0) and t ake  f = c o n s t ,  t hen ,  m a k i n g  u s e  of  t he  
s o l u t i o n  found a b o v e ,  we f ind t h a t  the  r a t i o  of  the  

f r i c t i o n a l  f o r c e  i n t e g r a t e d  a l o n g  x to the  e l e c t r o m a g -  

n e t i c  f o r c e ,  a l s o  i n t e g r a t e d  a l o n g  x, is e q u a l  to V (r) 
fo r  $i  = 0, a = 0 , 7  = T v = p x / h 2 m ,  w h e r e  t he  f u n c t i o n  
~(~) i s  d e t e r m i n e d  f r o m  (12) and (18). 
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